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LIMITS OF TEICHMULLER GEODESICS IN THE UNIVERSAL TEICHMULLER 

SPACE 

HRANT HAKOBYAN AND DRAGOMIR SARIC 


Abstract. Thurston’s boundary to the universal Teichmiiller space r(]HI) is the set of asymptotic rays to 
the embedding of T(]H[) in the space of geodesic currents; the boundary is identified with the projective 
bounded measured laminations of H. We prove that each Teichmiiller geodesic ray in T(H) has 

a unique limit point in Thurston’s boundary to r(II) unlike in the case of closed surfaces. 


1. Introduction 

The Teichmiiller space T(D) of the unit disk D, called the universal Teichmiiller space, consists of all 
quasisymmetric maps /i : —>■ which fix 1, i and —1 on the unit circle (cf. [4]). The Teichmiiller 

space of an arbitrary hyperbolic surface embeds in r(D) as a complex Banach submanifold. Thurston’s 
boundary to the universal Teichmiiller space T(D) is the space of projective bounded measured laminations 
PMLMdiP) of D (cf. [IH], |10])- We study the limits of Teichmiiller geodesic rays on Thurston’s boundary 
to r(D). 

Bonahon [2] defined an embedding of the Teichmiiller space T{S) of a closed surface S of genus at least 
two into the space of geodesic currents (equipped with the weak* topology). The space of asymptotic rays 
to the image of the embedding of T{S) is identified with the space of projective measured lamination of 
S'-Thurston’s boundary to T{S). The universal Teichmiiller space T(D) embeds into the space of geodesic 
currents of D when geodesic currents are equipped with the uniform weak* topology (cf. [TS] , [H] , [T^ ) and 
this embedding is real analytic (cf. Otal [E]). The image of T(D) in the space of geodesic currents is closed 
and unbounded, and the space of asymptotic rays to the image of T(D)-Thurston’s boundary to r(D)- is 
identified with the projective bounded measured laminations PMLjjddfp) (cf. [TS], [E]). In particular, the 
earthquake paths t i—>■ as t —>■ oo accumulate to their corresponding projective earthquake measures 

[fj] € PMLbdd{D) in the uniform weak* topology (cf. [E], [TT]). The construction of Thurston’s boundary 
works for all hyperbolic surfaces simultaneously since any invariance under a Fuchsian group is preserved 
under the construction. 

In the case of closed surfaces, Masur [T3] proved that the Teichmiiller geodesic rays obtained by shrink¬ 
ing the vertical trajectories of holomorphic quadratic differentials with uniquely ergodic vertical foliations 
converge to the projective classes of their vertical foliations in Thurston’s boundary. On the other hand, 
if the vertical foliation of a holomorphic quadratic differential consists of finitely many cylinders then the 
limit of the Teichmiiller geodesic on Thurston’s boundary is the projective class of the measured lamination 
supported on finitely many simple closed geodesics homotopic to the cylinders with equal weights (cf. [13)1. 
In both cases the Teichmiiller geodesic rays have unique endpoints on Thurston’s boundary and the end¬ 
points depend only on the vertical foliations. However, when the vertical foliations of holomorphic quadratic 
differentials on closed surfaces are not uniquely ergodic then the limit sets of the corresponding Teichmiiller 
rays consist of more than one point (cf. Lenzhen [12], Leininger-Lenzhen-Rafi [TT], and Chaika-Masur-Wolf 

M)- 

We consider the limits of Teichmiiller geodesic rays in the universal Teichmiiller space T(D) corresponding 
to integrable holomorphic quadratic differentials. In our previous work we showed that when a holomorphic 
quadratic differential has no zeroes in D, and the natural parameter maps the unit disk onto a domain in C 
between the graphs of two functions, then the Teichmiiller geodesic ray has a unique endpoint on Thurston’s 
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Figure 1. The vertical foliation of ip and the correspondingg geodesic lamination The 
measure Pp{[a^b] x [c, d]) is obtained by integration | \/ p{z)dz\. 


boundary of r(D), but the endpoint depends on both vertical and horizontal foliations of p (cf. [7]). We 
extend this result to all integrable holomorphic quadratic differentials on the unit disk D. 

The hyperbolic plane is identified with the unit disk D and the visual boundary of the hyperbolic plane 
is identified with the unit circle S^. A (hyperbolic) geodesic in D is uniquely determined by it endpoints; 
the space of geodesics of D is identified with x — diag. Let p be an arbitrary integrable holomorphic 
quadratic differential on the unit disk D. Each vertical trajectory of p has two distinct endpoints on the 
boundary circle of the unit disk D (cf. [H]). Thus each vertical trajectory of p is homotopic to a unique 
geodesic of D relative ideal endpoints on S^. Let Vp be the set of the geodesics in D homotopic to the vertical 
trajectories of p (cf. Figure 1). Given a box of geodesics [a, b] x [c, d] C x — diag, denote by I[a,b]x[c,d] 
any (at most countable) union of sub-arcs of horizontal trajectories that intersects exactly once each vertical 
trajectory of p with one endpoint in [a, 6] and the other endpoint in [c, d], and that does not intersect any 
other vertical trajectories of p. 

We define a measured lamination pp of D supported on Vp by 
(1) pp{[a,b]x[c,d])= I i^dx, 

I[a,b]x[a,d] 


where l{x) is the (/3-length (i.e. the length induced by J \y^p(^dz\) of a vertical trajectory through x G 
7[a,6]x[c,d] and the integration is in the natural parameter of p. We obtain (cf. Proposition 4.4 and proof of 
Theorem 4.51 


Proposition 1. Let Pp be the measured lamination homotopic to the vertical foliation of an integrable 
holomorphic quadratic differential p on Ih defined by the above integration. Then 


Wh'vWTh = sup Pp{\a,b] X [c,d]) < oo 

[a,b] X [c,d] 

where the supremum is over all boxes of geodesics [a, b] x [c, d] C x — diag with cr{a, b,c,d) = 2. 

The measured lamination Pp satisfies 

Pp{{a} X [c,d]) = 0 

for all a G and [c, d] C S^, and in particular pp does not have atoms. 

For e > 0, let Te be the Teichmiiller mapping that shrinks the vertical trajectories of (/? by a multiplicative 
constant e. The Teichmiiller geodesic ray e i—> Te as e —>■ 0"^ leaves every bounded subset of the universal 
Teichmiiller space T(D). We obtain (cf. Theorem 4.5) 
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Theorem 1. Let 


e I—>■ Tg 

be the Teichmuller geodesic ray in T(D) that shrinks the vertical trajectories of an integrable holomorphic 
quadratic differential tp by a multiplicative constant e > 0. Then 

Te [h-ip\ G PMLbddi^) 

as e —)■ 0'*' in Thurston’s closure T(D) U PMLMd{P) ofTlJi), where p^p is the measured lamination defined 
by equation OF and the convergence is in the weak* topology on geodesic currents. 

In particular, the limit set of any Teichmuller ray in r(D) consists of a unique point. 

Remark 1. The limit point depends on the vertical foliation and on the lengths of the vertical trajectories 
unlike for closed surfaces. The lengths of vertical trajectories are given by the transverse measure to the 
horizontal foliation. Therefore the limit point depends on both vertical and horizontal foliations of which 
is a new phenomenon that does not appear for closed surfaces. 

Remark 2. The measure Pp{[a,b] x [c, d]) is in fact the conformal modulus of the family of vertical 
trajectories of p with one endpoint in [a,b] and another endpoint in [c,d] (cf. Proposition 4.3). 

Remark 3. The above theorem is motivated by the results of Masur m in the case of a closed surface. 
The major difference in this work is that the hyperbolic plane has no closed geodesics and that the universal 
Teichmuller space is infinite dimensional non-separable Banach manifold. The convergence questions that 
arise in this setup and the methods applied are of a more analytic nature than for closed surfaces. Moreover, 
we emphasise the existence of a unique limit point for any Teichmuller ray in T(D) which is not true for the 
Teichmiiller spaces of closed surfaces. 

The convergence of Teichmuller geodesic rays is in the weak* topology while the convergence of earthquake 
paths is in the uniform weak* topology. We prove in ^ 

Proposition 2. There exists an integrable holomorphic quadratic differential cp on the unit disk D such that 
the corresponding Teichmuller geodesic ray does not converge in the uniform weak* topology. 

Remark 4. Thus while any Teichmuller geodesic ray in T(D) converges in the weak* topology, there 
exist Teichmuller rays that do not converge in the strongest possible sense (the uniform weak* topology) 
in r(D) U PMLi, 4 ii(D) unlike earthquake paths. Also note that the uniform weak* topology and the weak* 
topology agree on the space of geodesic currents of a closed surface. 

Denote by A(D) the space of all integrable holomorpic quadratic differentials on the unit disk D. Let 
PA(D) = (A(D) — {0})/ ~, where ~ tpi if there exists c > 0 with p = cpi. By definition, we have 
Pcifi = Pip for any c > 0. Therefore we obtained a map 

M : PA(D) ^ PMLbddW 

given by 

-^( M ) = [tv]^ 

where [(^] and [pp] are the projective classes of p and p^, respectively. 

Theorem 2. The map 


A4 ■ PA)©) —>■ PMpMdifP)] A4 : \p\ i—>■ \pip\ 

is injective. 

Remark 5. By Theorem 1 and Theorem 2, two different Teichmiiller geodesic rays in T(D) starting at 
the basepoint of T(D) converge to different points in Thurston’s boundary. On the other hand, Masur [T5] 
proved that two Teichmuller geodesic rays corresponding to two holomorphic quadratic differentials whose 
vertical foliations decompose a compact surface into finitely many cylinders of the same topological type but 
different relative heights converge to the same point in Thurston’s boundary. 

For p S A(D), denote by the measured lamination whose support is the geodesic lamination Vp 
homotopic to the vertical foliation of p and whose transverse measure is induced by the transverse measure 
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to the vertical foliation induced by tp. We recover the integral of \tp\ using and namely 


\w\w = 


f dv^ 

'S^xS^—diag dp^p 


dv,r. 


Theorem 3. The map 
defined by 
is injective. 


A(]D)) — >■ M X M 

(fi {Vg>,Pip) 


The paper is organized as follows. In §2 we define the universal Teichmiiller space T(D), the space of 
geodesic currents, the Liouville current and Thurston’s boundary to T(D). In §3 we define modulus of a family 
of curves and find a relationship between the modulus and relative distance. Finally we give asymptotic 
relationship between the modulus and the Liouville current which is fundamental to our work. In §4 we study 
the limits of Teichmiiller geodesic rays and prove Theorem I. In §5 we give a counter-example to uniform 
weak* convergence of Teichmiiller geodesic rays. In §6 we study the relationship between the integrable 
holomorphic quadratic differentials and two measured laminations homotopic to the vertical foliation. 


Acknowledgements. We would like to thank Mr. Huiping Pan for his useful comments. 


2. Thurston’s boundary via geodesic currents 


We identify the unit disk D with the hyperbolic plane; the visual boundary to D is the unit circle . A 
homeomorphism h : —>■ is said to be quasisymmetric if there exists M > 1 such that 

1 ^ \Hi)\ 

M - \h{J)\ 


< M 


for all circular arcs I, J with a common boundary point and disjoint interiors such that |/| = | J|, where |/| 
is the length of I. A homeomorphism is quasisymmetric if and only if it extends to a quasiconformal map of 
the unit disk, see e.g. [TO] . 


Definition 2.1. The universal Teichmiiller space T(D) consists of all quasisymmetric maps /i : t 

that fix —i, 1,i G S^. 


If 5 : D —> D is a quasiconformal map, denote by K{g) its quasiconformal constant. The Teichmiiller 
metric on T(D) is given by d(/ii, / 12 ) = infg log K{g), where g runs over all quasiconformal extensions of the 
quasisymmetric map hio . The Teichmiiller topology is induced by the Teichmiiller metric. 

Bonahon’s approach [ 2 ] to Thurston’s boundary of the Teichmiiller space T{S) of a closed surface S is to 
embed T{S) into the space of geodesic currents on S. A geodesic current on S' is a positive Borel measure 
on the space of geodesics x — diag of the universal covering D of S that is invariant under the action 
of the covering group 7ri(S). Each point in the Teichmiiller space T(S) is a quasisymmetric map 

h : ^ 


that conjugates the covering Fuchsian group 7ri(S) onto another Fuchsian group. 
The Liouville measure C on the space of geodesic of D is given by 


£{A) = 


dadfi 


|e*“ - 


for any Borel set A C x — diag. If A = [a, b] x [c, d] is a box of geodesics then 

c/r ;,i r jd 1 {a - c){b - d) 

To each quasisymmetric map /i : —>■ that conjugates 7ri(S) onto another Fuchsian group, we assign 

the pull back h*{C) of the Liouville measure. This assignment is a homeomorphism of T{S) onto its image 
in the space of geodesic currents for S when equipped with the weak* topology (cf. [2]). The set of 
the asymptotic rays to the image of T{S) is identihed with the projective measured laminations on S-the 
Thurston’s boundary of T{S) (cf. [ 2 ]). 
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The universal Teichmiiller space T(D) maps into the space of geodesic currents by taking the pull backs 
by quasisymmetric maps of the Liouville measure. There is no invariance condition on the quasisymmetric 
maps or on the pull backs of the Liouville measure. A geodesic current a is bounded if 

sup a{[a,h] x [c, d]) < oo 

[a,6] X [c,d] 

where the supremum is over all boxes of geodesics [a, 6 ] x [c, d] with C{[a, b] x [c, d\) = log 2. The pull backs 
h* {C) for h quasisymmetric are bounded geodesic currents. 

The space of bounded geodesic currents is endowed with the family of Holder norms parametrized with the 
Holder exponents 0 < v < 1 (cf. [E]). The pull backs of the Liouville measure define a homeomorphism of 
T(D) onto its image in the bounded geodesic currents; the homeomorphism is differentiable with a bounded 
derivative (cf. [TS]) and, in fact, Otal [TS] proved that the embedding is real-analytic. The asymptotic rays 
to the image of T(D) are identified with the space of projective bounded measured laminations (cf. [18)1. 
Thus Thurston’s boundary of T(D) is the space PMLt,dd(0) of all projective bounded measured laminations 
on D (and an analogous statement holds for any hyperbolic Riemann surface). Alternatively, the space of 
geodesic currents can be endowed with the uniform weak* topology (for definition cf. [14]) and Thurston’s 
boundary for T(D) is again PML{,ddi^) (cf. HO])- 


3. The asymptotics of the modulus 


Let r be a family of recthable curves in C. An admissible metric p for T is a non-negative Borel measurable 
function on D such that the p-length of each 7 S T is at least one, namely 

hin) = [ pi^)\dz\ > 1 . 

J7 


The modulus mod(r) of the family T is given by 

mod(r) = inf / p{z)'^dxdy 
P Jo 

where the infimum is over all admissible metrics p. 

We will mostly be interested in estimating moduli of families of curves in a domain 12 C C connecting two 
subsets of the boundary of 12. Thus, given E,F C 912 we denote {E,F-,il) the family of rectifiable curves 
7 having one endpoint in E and the other endpoint in F. When 12 is the unid disc D and (a, b, c, d) is a 
quadruple of distinct points on the boundary circle given in the counterclockwise order we denote 


X [c,fl] ((^: ^); (c, d), O). 

Lemma |3.1| below, summarizes some of the main properties of the modulus, which we will use repeatedly 
throughout the paper. We refer the reader to jS] [TOl |22| for the proofs of these properties below and for 
further background on modulus. 

If Ti and r 2 are curve families in C, we will say that Ti overflows r 2 and will write Ti > r 2 if every 
curve 7 i G Ti contains some curve 72 G r 2 . 


Lemma 3.1. Let ri,r 2 ,... be curve families in C. Then 

1. Monotonicity: //Ti c r2 then mod(ri) < mod(r2). 

2. Subadditivity: rnoddJ^^^ T^) < inod(rj). 

3. Overflowing: IfTi < r2 then modLi > modr2. 


Heuristically modulus of (E^F^Ll) measures the amount of curves connecting E and F in the 12. The 
more “short” curves there are the bigger the modulus is. This heuristic may be made precise using a notion 
of relative distance A{E,F), which we define next. 

Given two continua E and A in C we denote 


( 2 ) 


AiE,F) := _, 

min{diami?, diamf} 


i.e. A{E,F) is the relative distance between E and F in C. 
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Lemma 3.2. For every pair of continua E^F (Z G we have 


2 


( 3 ) 

Proof. Let S := dist(i?, F) and r|; be the family of curves 7 C C such that 7 ( 0 ) e E and dist( 7 (l), i?) > 5. 
Then {E,F;C) C r|; and similarly {E,F;C) C r|^. Therefore, 

(4) mod(£',F;C) < min{modr|;, modT^}. 

Denoting by E^ the ^-neighborhood of the set E C C, we note, that 

p{z) = 5 ~'^Xe4z) 

is admissible for r|;. Therefore, we have 

modr| < f [5-^fdxdy = 6-^W{E^) < 6-^ tt 

(5) 2 

/ diami? \ 

^ 2 dist(L;,F )) ’ 

where TV^E^) is the Euclidean area of E^. Combining inequalities Q and ([^ we obtain ([^. □ 

Corollary 3.3. Let En and En, n G N, be a sequence of pairs of continua in C. If the sequence A(E„,F„) 
is bounded away from 0 then mod(£'„, En; C) is bounded. 

Remark 3.4. The previous lemma is very weak for large A{E,E), since it is in fact easy to see that 
mod(E, E, C) tends to 0 as A{E,F) —^ 00 . But we will not need this estimate in the present paper and will 
refer the interested reader to Heinonen’s book [S] for relations between the modulus and relative distance. 

The following lemma is an easy consequence of the asymptotic properties of the moduli (cf. |10]'). 

Lemma 3.5 (cf. [7]). Let {a,b,c,d) be a quadruple of points on in the counterclockwise order. Let 
r[a,b]x[c,d] consist of all differentiable curves 7 in D which connect [a, 6 ] C with [c,d] C S^. Then 

1 2 

mod(r[<j Wx[c,d])->C([a,&] x [c,d]) -Iog4-J>0 

TT TT 

as mod(r[a f,]x[c,d]) 00 , where L is the Liouville measure. 

Remark 3.6. Note that simultaneously mod(r[a_b]x[c,d]) —t 00 and £([a, 6 ] x [c,d]) —)■ 00 . 

4. The convergence of Teichmuller rays 


/ diamE -|- 2d 

V 2 


Let if be an integrable holomorphic quadratic differential on the unit disk D. In other words, (/? : D —>■ C 
is holomorphic and 




\(p{z)\dxdy < 00 . 


A point z S D is said to be regular for ip if (f{z) 0. In a neighborhood of every regular point of ip the 

parameter w given by path integral w = f sjp{z)dz is called a natural parameter for ip. The holomorphic 
quadratic differential Lp{z)dz‘^ has representation dw^ in the natural parameter w. Moreover, if w' is another 
natural parameter then w' = ±w + const at their intersection (cf. [ 21 ]L 

A vertical arc for is a differentiable arc 7 : (a, 6 ) —>■ D that passes only through regular points of ip and 
that satisfies ip[x{t))l'{tY < 0 for all t G (a, b). Equivalently, a vertical arc is an inverse image of a Euclidean 
vertical arc in the natural parameter w. A vertical trajectory of yi is a maximal vertical arc. Similarly, a 
horizontal arc for is a differentiable arc 7 : (a, &) —>■ D that passes through regular points and satisfies 
ip{x{l'))l'iW > 0 foi' 9.11 t G {a,b) (cf. [21]). 

Each end of a vertical trajectory either accumulates to a zero of ip{z) or to the boundary of D. In 
particular, if an end of a vertical trajectory of ip accumulates to the boundary then the limit set on 
consists of a single point and we say that the vertical trajectory has an endpoint on (cf. [H]). The set of 
zeroes of ip is countable and therefore only countably many vertical trajectories have an endpoint at a zero 
of p. Any vertical trajectory of p not in the above countable set has two distinct endpoints on (cf. |21jL 
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We define the width of a curve 7 in D. By Strebel m, the unit disk D can be decomposed into countably 
many disjoint open strips S{(3i) up to a countable family of vertical trajectories, where j3i is an open horizontal 
arc and S{(3i) is the union of vertical trajectories intersecting /3i. The strips S'(/3i) are open and simply 
connected. The natural parameter 


w = 


/ 


a/ ip{z)dz 


is well-defined on each S{j3i) since S{j3i) is simply connected and does not contain any zeroes of (p. Any 
Borel A a Pi has well-defined width 


width{A) = / \^Jp{z)dz\. 
J A 


If 7 C S{Pi), denote by 7r^i(7) the projection of 7 onto Pi along the vertical trajectories. Then the width 
of 7 is defined by 

widthipf) = / I a/ Lp{z)dz\. 

(7) 

Assume that 7 is not contained in a single strip. Consider the collection of Borel sets (7 A S{Pi)) for 
all i with 7 n S{Pi) ^ 0. We define the width of 7 by 


width{'y) = width{'y H S{Pi)). 

i=l 

The definition width(^) is given in terms of the strips S{Pi). To see that width{'y) is independent of 
the choice of the strips, let 5'(/3' ) be another countable collection of disjoint open strips that covers D up 
to countable union of singular vertical trajectories. The two strips S{Pi) and 5'(/3') are either disjoint or 
they intersect in an open strip S{Pij), where Pij is an open subinterval on Pi which can be homotoped 
modulo vertical trajectories to subinterval of /3'. The homotopy is measure preserving for \ ^J{p{z)dz\. 
Since Pi — UjPij is at most countable (which is of measure zero), it follows that 


width{'j n S(Pi)) = width{'y n S{Pij)). 

3 

This implies that width(p/) is independent of the choice of the covering by the strips. 


Proposition 4.1. Let T = r([a, 6 ] x [c, d]) be the family of rectifiable arcs in D with one endpoint in 
[a,b] C and the other endpoint in [c,d] C S^. Denote by Tg the Teichmuller map o/D that shrinks the 
vertical trajectories of ip by the multiplicative constant e > 0. Then 

limsupe • mod(Tg(r)) < mod(r^([a, 6 ], [c, d])) 

£—>■ 0 + 

where rt,([a, 6 ], [c, d]) is the set of vertical trajectories of p with one endpoint in [a, 6 ] and the other endpoint 
in [c, d]. 

Proof. By Strebel [H] , almost every point of is at a finite distance from an interior point of D in the path 
metric ^J\p{z)dz\, called p-metric. Let o', 6 ', c', d' S be on finite distances from an interior point such 
that [a,b] C [o', 6 '] and [c, d] C [c',d']. Let T' = r([o', 6 '] x [c',d']). 

Namely, let (cf. Figure 2) 

r' = { 7 I 7 is rectifiable and has endpoints in [o', b'] and [c', d']}. 

Since T C T', we have mod(re(r)) < mod(re(r')). Let lapt' and Icpd' be two simple non-intersecting 
differentiable arcs in D with endpoints o', b' and c', d', respectively. Let D' be the subset of D with boundary 
consisting of arcs la',b', W, c'] C S^, lc',d' and [d', o'] C S^. Let T" = T{lapb' x id,d') be the family of rectifiable 
curves in D' that connect la',b' and ld,d'- Then the family T' overflows the family T" and we have 

( 6 ) mod(rg(r')) < mod(rg(r")). 


T",, = {76 r"| width{"f) > ry} 
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Fix 77 > 0 and define 








Figure 2. The curve families T, F' and F". 


and 

^'<n = {76 r"| width{-f) < r]}. 

By the subadditivity of the modulus 

mod(r,(r")) < mod(r,(r"^)) + mod(r,(r'^^)). 

First consider mod(Te(r>^)). Define the metric Pe{w) = ^\y^ipeiw)dw^ \ for w S D', where is the terminal 
holomorphic quadratic differential on T£(D') = D' (cf. [3]). Recall that the terminal quadratic differential 
on re(D') is obtained as follows. Let C be the natural parameter of (p on D', i.e. d(^ = (f{z)dz‘^; let 
uj = where shrinks the vertical direction of C by the multiplicative constant e > 0. Then the 

terminal quadratic differential is defined in the image of the natural parameter as pci^)duj^ = duP. If 
w = Tj(z) then p^{w)dw‘^ = duP'. 

The metric is admissible for Te(r"^) since width{T^{'j)) > p for all e > 0 and all 7 S T<;(r"^). Then 
mod(T,(r" )) < ff pPwfdA = -^ ff \piw)\dA 

which gives 

(7) limsupe • mod(re(r"^)) = 0, 

e—)-0+ 


since (f) is integrable. 

We estimate mod(Tg(r"^)). Let zq S D' be fixed. Denote by d"^ the path metric defined by integrating 
\^J p{z)dz‘^\ i.e. the 75 -metric. Let do = max^g;^, z). For R> 0 define D'^ = {z G D'|d‘^( 2 :o, z) < 

R}. Given ei > 0 there exists R > 2do such that 


\p{z)\dA < ei. 


Denote by r„(G',fc', G',d') the set of vertical trajectories 7 connecting /a',6' with lc\d'- The choice R > 2do 
and the fact that the vertical trajectories are geodesics for d"^ implies that ry(lapb',lc',d’) C D^. From now 
on we choose R — R(ei) as above. 

For M > 0, define (r"^)M = {76 r "^|7 C D'm}- Note that 


r'^, = (r'^,WiuK,\(r'4,Wi] 


which gives 


Since is e ^ 


mod(T,(r'^^)) < mod(r,((r'^^)fl+i)) + mod(r,(r'^^ \ (r'^^)fl+i)). 

-quasiconformal, we have 


e • mod(T,(r'4^ \ < e • e-i • mod(r'^^ \ (F'^.j^+i) = mod(r'^, \ (r'^,)«+i). 
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Define metric p{z) = y^\ip{z)dz'^\ for z S D'-Di, and p{z) = 0 otherwise. Then p{z) is admissible for the 
family T'^^ \ Thus 

( 8 ) limsupe • mod(r,(r'^^ - (r'^^)i^+i)) < // \(p{z)\dA < ci. 

£—>■0+ ddfl'—D'^ 

We estimate mod(re((r"^)fl;+i). Note that is a compact metric space for the distance d‘^. Similar 

to the above 

e • mod(T,((r<^)fl+i)) < mod((r<^)fl+i). 

By Keith [3], we have that 

(9) limsupmod((r<^)H+i) < mod(limsup(r<^)H+i). 

r/—>-0+ 17—>-0+ 

Recall that a sequence {r„} of families of curves converges to a family T if for each 7 G T there exists a 
subsequence G r„^ such that uniformly Lipschitz parameterizations of 7 ^^, converge to 7 as functions 
when nfc —>■ 00 , and if the limit of each convergent subsequence is a curve in T (cf. [S]). 

We establish that 


(10) liar SUp(r<;^)/7^X — ^v(Ja\b',d'^- 

r;->-0+ “ 

Let ^ri '■ I ^ be a sequence of uniformly Lipschitz parametrizations of curves in with 

77 „ —>■ 0 as n —>■ 00 that converges to 7 : / —>■ D)j._|_x. Then 

width^j) = 0 . 


Indeed, width{^) = c > 0 implies that width{jn) > c/2 > 0 for all n large enough. This contradicts 
7 n G 

Since width{'y) = 0, this implies 7 G Ty{la>,b',lc',d') or that 7 is composed of several vertical trajectories 
that meet at a zero of ip. The later curves are at most countable and their modulus is zero, so we can ignore 
them. Since Ty{la\b',lc',d') C (r"^)fl+i by our choice of i? > 0, we obtain (lOl. Then (jbj), (j^, (j^ and (10) 
imply that 


( 11 ) 


limsupe • mod(re(r)) < mod(r„(la/_ 6 /, lc',d'))- 
£->■ 0 + 


We prove that Ty{lapb',lc',d') can be replaced by r„([a, b] x [c, d]) in ( [TI| ). Note that ([TT| is true for all la',b' 


and Icpd'- Choose a sequence r, u, and It such that I 


[o', 6 '] and 


[c', d'] C as /c —)■ 00 


in the Hausdorff topology on closed subsets of D = D U S^. Denote by D/ the subset of D corresponding to 


C,b' and Define 


rS([a',&'],[c',d']):=r,([a',6'],[c',d'])n: 




We claim that 


( 12 ) hm mod(r„(l^,,„e.d 0 -r 5 ([a',&'],[c',d'])) = 0 . 

k—^oo 

Indeed, let C > 0 be the lower bound on the distance d‘^ between l^, j,, and Z* over all k. Then p{z) = 
^y/\if{z)\\dz\ is admissible for r„(Z^, j,,, Let Ak be the union of the (complete) vertical trajectories in 

D that connect l^, and Z* and do not connect [o', b'] and [c', d']- Then Ak D Ak+i for all k (since we can 
choose Z^, j,, and l^, such that D/, C Dfc+i). 

We claim that = 0. Assume that a horizontal trajectory 7 belongs to the union that makes 

Ak- Then there exists either a Euclidean neighborhood of [a',b'] or a Euclidean neighborhood of [c',cZ'] in 
D = DUS^ such that 7 is disjoint from this neighborhood. There exists k' > k such that 7 does not intersect 
either or 1^, Thus 7 does not belong to and = 0. This gives 



\ip{z)\dxdy —)■ 0 


as fc —)■ 00 and (12) follows. Erom ( |11[ ) and ( |12[ ) we get 
(13) 


limsup e • mod(Te(r)) < lim mod{T^{[a'^b'],[c'^d'])). 

e^0+ 
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By Keith [ 5 ], we have that 

lim mod(rJ([a', &'], [c'j d'])) < mod(limsupr^([a', 6'], [c', d'])) 

k->-oo fe-J-oo 

where limsup;._^Q^ r*([a', b'], [c', d']) is for the Euclidean metric on D = DUS^. For every point of 7 which is 
not a zero of tp, there exists an open subarc of 7 containing the point that is a part of a vertical trajectory 
of ip because 7/c are vertical trajectories. Moreover the limit 7 has one endpoint in [o', b'] and the other 
endpoint in [c',d'] because 7^ has one endpoint on y and one endpoint on , and l\, y converges to 
[o', 6'] and ly converges to [c',d']. Therefore every limit 7 is a vertical trajectory that necessarily belongs 
to ri,([a', b'], [c'j d']) or it is composed of several vertical trajectories meeting at zeros of (p. The later family 
is countable and of zero modulus and without loss of generality we ignore it. Therefore 

( 14 ) limsup e • mod(T£(r) < mod(r.i;([a', 6'], [c^ d'])). 

£—>■0 + 


61 


We choose sequences [al,,6y D [a, 6] and [c^jd).] D [c, d] on finite distance from zo such that al — a, 
b, c'j, ^ c and d). —> d as A: —)• 00. The inequality ( 14 ) holds for these sequences and we need to prove 


that it holds for r„([a, 6], [c, d]) as well. It is enough to prove that 

mod(r„ ([a'fc, b'k ], [c^, d'^]) - r„ ([a, 6], [c, d])) 


0 . 


Let Dfc be the union of vertical trajectories in r„([ol, b'/.], [c'f., dj.]) — r^([a, 6], [c, d]) and note = 0 . 

Define p{z) = l/ly{z)^y\ip{z)dz'^\ for z G B>k and p{z) = 0 otherwise, where lv{z) is the length of the 
vertical trajectory through 2: with respect to the metric d'^. Then p is allowable metric for the family 
K> 4 ]) - r„([a,6], [c,d]). We have 


mod(r„ ([o'fc, 6'fc], [Cfc, dfe]) - r„ ([a, 6], [c 


d]))< [[ 

J J 


lv{z)' 


-\ip{z)\dxdy. 


We claim that lv{z) has a positive lower bound in D^. Indeed, since intervals [a),,,6J.] and [c),,,d).] are 
disjoint and decreasing, their distance in d^ metric is positive which implies that any vertical trajectories 
connecting them must have lengths bounded below by a positive constant. Thus -j—ppyi is bounded above. 
Then = 0 implies that ^ ^^^■^ \ip{z)\dxdy —)■ 0 as A: —>• 00. The proof is finished. □ 


Theorem 4.2. Let T he the family of rectifiable arcs in D with one endpoint in [a, b] C and the other 
endpoint in [c, d] C S^. Denote by the Teichmuller map o/D that shrinks the vertical trajectories of ip by 
the multiplicative constant e > 0 . Then 


lim e • mod(Te(r)) = mod(r„([a, 6], [c, d])) 

£—>■0+ 

where r„([a, 6], [c, d]) is the set of vertical trajectories with one endpoint in [a, 6] and the other endpoint in 
[c, d]. 


Proof. We keep the notation as in the proof of Proposition 4.1 Since r.i,([a,6], [c, d]) C T, it follows that 


mod(r„([a, 6], [c, d])) < mod(r). Because r„([a, 6], [c, d]) consists of only vertical trajectories, it follows that 

e • mod(re(r^([a, 6], [c,d]))) = mod(r„([a, 6], [c,d])). 


Thus 


mod(r„([a, 6], [c, d])) < lim inf e • mod(Te(r)). 
£->■0+ 

The opposite inequality is obtained in Proposition | 4 . 1 | and theorem follows. 


□ 


We give an equivalent definition of mod(r.i,([a, 6], [c, d])). 

Proposition 4.3. Let ip be an integrable holomorphic quadratic differential on the unit disk D. Then 

mod(r„([a,6], [c,d])) = [ Y^\Rei^ip{z)dz)\ 

Ji PD 

where I is at most countable set of horizontal arcs that intersects each trajectory o/r„([a, 6], [c, d]) in one 
point and no other vertical trajectories up to countably many of them, and l{z) is the length of the vertical 
trajectory through z. 
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Proof. The metric p(z) = j^\^yif{z)dz\ is allowable for the family r„([a, 5], [c,d]) and thus mod(r„([a, 6 ], [c,(i])) < 

We claim that p{z) is extremal metric for the family rj,([a, 6 ], [c, d]) which proves that we have equality 
above. Using Beurling’s criterion of sufficiency for extremal metrics [T], we need to show that if hQ{z)\dz\ > 

0 for all 7 G r„([a, b], [c, d]) and some /iq : D —>• K then we have //p ho{z)p{z)‘^dxdy > 0. By transferring the 
integration to the natural parameter, we get that 7 are subsets of vertical lines which implies \dz\ = dy and 
p{z) = l/liz). Note that l{z) = l{x) is independent of y. Then /io(z)|dz| = Jj hQ{z)dy > 0 and multiplying 
with l/l{x)^ and an integration in the x direction gives the desired inequality (cf. [7]). □ 

Define a measured lamination as follows. The support of is a geodesic lamination obtained by 
taking geodesics in D which are homotopic to the vertical trajectories of (p relative their endpoints on S^, i.e. 
a geodesic in the support of p^ has endpoints equal to a vertical trajectory of ip. For a box of geodesics 
[a, &] X [c, d], define 

Pp([a,b] X [c, d]) = mod(r„([a, 6], [c, d])). 

Note that p^ is a measure on the space of geodesics (i.e. it is countable additive) by the above integration 
formula for mod(r„([a, 6 ], [c, d])). Also note that mod(r([a, 6 ], [c, d])) is not countably additive (since moduli 
are only countably subadditive) and hence it does not define a measure on x — diag. 

Proposition 4.4. Let p^ he the measured geodesic lamination corresponding to an integrable holomorphic 
quadratic differential p on Ih as above. Then 

Pipi{a} X [c, d]) = 0 

for all a G and [c, d] C with a ^ [c, d]. 

Proof. We recall that D is covered by countably many mutually disjoint open strips S{l3i) up to countably 
many vertical trajectories. Assume on the contrary that Pp{{a} x [c,d]) > 0. Then there exists an open 
strip S{Pig) such that 

[ \y/p{z)dz‘^\ > 0, 

where is the open arc on a horizontal trajectory and n r^({a} x [c, d]). By the definition, 

\-\/p{z)dz‘^\ is the horizontal measure in the natural parameter of p of the vertical trajectories of p 
intersecting 

For z G Xig, let l{z) be the length of the vertical trajectory through z. Since p is integrable, we have that 

f l{z)\y^p{z)dz'^\ < 00 


which implies that l{z) <00 for a.e. z G Xi^. 

Let zi, Z 2 G Xig be such that there exists , Z 2 £ ^io with zi < z( < Z 2 < Z 2 for a linear order on , 
and l{z[) and l^zl^) finite. Let 7 zi, 7 z' be the maximal vertical rays starting at Zi,zl respectively that have 
a as their common endpoint. Note that vertical rays 7zi and 7z2 do not intersect except at their initial 
points because any two points in D can be joined by at most one geodesic arc in the metric \^/p{z)dz^\ (cf. 
m Theorem 14.2.1, page 72]). Let [zi, Z 2 ] be the subarc of the vertical trajectory between zi and Z 2 . Then 
7zi U 7 z2 U [zi, Z 2 ] U {a} is the boundary of a simply connected domain U inside D. 

We claim that C/ is a Jordan domain. Indeed, since 7 ^^, 7^3 and [ 2 :i,Z 2 ] are simple geodesic arcs which 
meet only at their endpoints, it follows that yz^ U yzj U [zi,Z 2 ] is a Jordan arc. We parametrize it by a 
homeomorphism / : — {1} —>■ 7 zi U 7 z 2 U [zi,Z 2 \ and extend /(I) = a. Then / is a bijection of and 

dU = 7 zi U 7 z 2 U [zi, Z 2 ] U {a}. Moreover, / is continuous at 1 since 7 zi and 7 z 2 accumulate to a and therefore 
dU is a Jordan curve. 

For z G [^ 1 , 2 : 2 ]: let 7 z be the ray of the vertical trajectory with the initial point z that starts in the 
direction of U . Then 7 ^ never leaves U because it cannot intersect its boundary except at z. Moreover, the 
ray 7 z cannot contain critical points of p. Indeed, if it does contain a critical point then there exist two 
vertical rays starting at the critical point which make a geodesic and whose both accumulation points on 
are equal to a. However, a geodesic must have two different accumulation points (cf. |21L Theorem 19.4 and 
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Figure 3. The prime ends of vertical trajectories. 


Theorem 19.6]) which gives a contradiction. Therefore every vertical trajectory in U is non-critical and its 
full extension accumulates at a G and intersects [^ 1 , 22 ] in exactly one point. Therefore, U is foliated by 
Jz for z G (zi,Z 2 )- 

Consider the conformal mapping from U into C using the natural parameter dw^ = ^f{z)dz^. Since U is 
simply connected and without zeroes, the natural parameter is conformal on U. Caratheodory’s theorem 
(cf. |16| 1 gives that w homeomorphically maps the boundary dU of U onto the prime ends of w{U). 

Since 7 ^,' and have finite lengths, it follows that the endpoints w'l and of vertical lines w{'jz[) 
w{'jz' ) are different in dwiU). The arcs 7 ^' and 7 ^' define degenerate prime ends, namely prime ends whose 
imprints are wj and Therefore the prime ends are different since w'l ^ w '2 (cf. Figure 3). 

This is impossible since w maps a onto both prime ends. Contradiction. Thus we obtained that /i,^({a} x 
[c, dj) = 0 . □ 


Putting the above statements together and using the fact that the asymptotics of the Liouville currents 
can be replaced by the asymptotics of the moduli of curves (cf. Lemma 3.5) gives 


Theorem 4.5. Let ip be an integrable holomorphic quadratic differential on D and let be the Teichmuller 
mapping that shrinks the vertical trajectories of ip by a multiplicative constant e > 0. The Teichmuller ray 
e I—)■ Te for e > 0 has a unique limit point on Thurston’s boundary PMLbddi^) ofTff}) as e ^ O"*", 
where is the projective class of a bounded measured lamination pL^ corresponding to ip. 


Proof. The convergence —>■ [pt^] as e —>■ O’*" in the weak* topology on measures follows immediately from 

Theorem |4.2[ Proposition |4.4| and Lemma 

Note that by the definition the measured lamination pL^p is independent under multiplication of ip by 
positive constants. Let [a, b] x [c, d] be such that its Liouville measure satisfies 


3.5 It remains to be proved that pi^ is Thurston bounded. 


£{[a,b] X [c,d]) = log2. 


Denote by r([a, 6 ], [c, dj) the family of all rectifiable arcs in D that have one endpoint in [a, 6 ] and other 
endpoint in [c, d]. Then 

mod(r([a, 6 ], [c, d])) < const 

for all £([a, 6 ] x [c, dj) = log 2. Since r„([a, 6 ], [c, d]) C r([a,5], [c, dj), we have that 


and WpL^Wrh < 00 . 


pLip{[a,b\ X [c, d]) = mod(r«([a, 5], [c, d])) < const 


□ 


5. A COUNTER-EXAMPLE TO UNIFORM WEAK* CONVERGENCE 

Let {an}n and a be geodesic currents on the space of geodesics G'(]HI) = x — diag of the hyperbolic 
plane H. Namely, {a„}„ and a are positive Radon measures on x — diag. We say that converges 
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to a in the uniform weak* topology (cf. [H]) if for every continuous / : x — diag —>■ K with support 

in the standard box [l,i] x [—1, —i] we have 

sup I / /[c^7ta,&]x[c.d](an - «)] | ^ 0 

[a, 6] X [c,d] J [l,i]x [—1,—i] 

as n —>■ oo, where the supremum is over all boxes [a, b] x [c, d] of Liouville measure log 2 and 7[a,b]x[c,d] is the 
Mobius map taking the standard box onto [a, b] x [c, d]. 

We note that as [a, 6] x [c, d] runs through all boxes of Liouville measure log 2, 7[a,f)]x[c,d] runs through 
all Mobius maps of D, which implies that the above supremum can be taken over the space Mo6(D) of 
all Mobius maps that preserve the unit disk D. Moreover, since any continuous / : [oo,6o] x [co,do] —>■ M 
with £([ao, 6o] x [cq, do]) = fog 2 can be pulled back to a continuous / o 7[ao,bo]x[co,do] • [Ij *] x [—1, —*] —t K 
and since the above supremum is over all Mobius maps, we do not need to restrict to continuous functions 
with supports on the standard box, but rather to continuous maps with supports in any box with Liuoville 
measure log 2. In addition, if a continuous / : x — diag —>■ M has a compact support then it can be 

written as a finite sum of continuous functions with supports in boxes of Liouville measures log 2. Therefore 

Definition 5.1. A sequence of geodesic currents {«„}„ converges in the uniform weak* topology to a if for 
every continuous function / : x — diag —>■ K with compact support 

sup I [ /[d 7 *(a„ - a)]| ^ 0 

7GAfo6(B) Js^xS^—diag 

as n —)■ oo. 

This definition is equivalent to the first definition using boxes of Liouville measure log 2. 

Assume that q;„ converges to a in the weak* topology. Below we formulate a sufficient condition guaran¬ 
teeing that an does not converge to a in the uniform weak* topology. Given d > 0, assume that there exist 
Cl,, C 2 , Ca and a sequence of boxes Qfe = [ofc, dfc] x [c^, dk] and sub-boxes QJ. = [a’j., b'ff\ x [c^, dy compactly 
contained in the interior of Qk such that 

(15) C{Qk) < Cl, 


(16) 


m'k) > C 2 > 0, 


(17) 


min{£([afc,ay x [cfe, dfcj), C([6y 6^] x [cfc,dfc]), 

C( [Ufc 5 bk\ X [c/e , Ck\ ), C( [u/j;, dfc] X [d^, dk]') } ^ d 7 0, 


(18) an,(Q'fe)>C3>0, 

for some Uk with rife —>■ 00 as fc —>■ 00 , and 

( 19 ) a{Qk) 0 , 

as fc — 7> 00 , where C[, C", C2 and C3 are independent of k and d . 

We now establish that does not converge to a in the uniform weak* topology if the above conditions 
are satisfied. Let Q = [a,b] x [c, d] be a fixed box with C[Q) = C\ and let Q' = [o', 6'] x [c',d'] be a box 
compactly contained in the interior of Q such that 

£([ 0 , o'] X [c, dj) = £([6', b] X [c, d]) = 

£([a, b] X [c', cj) = £([a, b] x [d', dj) = d. 


Let 7 fe e Mod(D) be such that 7 fe(Q) 3 Qk- Then (20) and 0 imply that 'ykiQ') 2 Q'k- Let / : 
X — diag — K be a continuous functions such that the support of / is contained in Q, 0 < / 2 1 and 


flqr = 1. Then by (18) and (19) we have 


xS^ —diag 


- a] > C 3 - a{Qk) > C 3/2 > 0 
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when rife is large, which implies that does not converge in the uniform weak* topology to a. Since the 
uniform weak* convergence implies the weak* convergence and since a„ converges in the weak* topology to 
a, it follows that does not converge to any geodesic current in the uniform weak* topology. 

We find an example of an integrable holomorphic quadratic differential Lp on the unit disk D such that the 


corresponding Teichmiiller ray Tg does not converge in the uniform weak* topology to while Theorem 4.5 


established that it does converge to in the weak* topology. The differential Lp is constructed by taking 
the pull back of dz^ on the domain D in the lemma below under the Riemann mapping. For simplicity 
of notation, we denote by Tg : —>■ the boundary map of the Teichmiiller geodesic ray Tg. The above 

criterion is used for the family of Liouville currents Og := eT *(£) when e —> O’*" and the weak* limit The 
conditions (151, ( [T^ , (0, ( [T8| ) and ( |l^ are replaced by equivalent conditions in terms of the moduli of the 
families of curves connecting two intervals on defining the box of geodesics. 


Lemma 5.2. There is a domain D G C of finite area with the following properties. There exist constants 
0 < C'i,C 2 ,C'^,S' < 00 , a sequence of arcs [ak,bk], [ck,dk] and sub-arcs [a'f.,b'j^], [c'j^,d'f.] on and a sequence 
Sk > 0 approaching 0 such that with notations as above we have 
(a). mod([afc,6fe], [cfe,dfc];D) < C{,yk G N 
lb). mod([<,6y,[c;,dy;D) > C'^,Vfc G N 

(c) . min{mod([afc,a'j,], [cfe, dfc]; D), mod([6'j,, 5*], [cfc,(ifc];D), 

mod([afc,6fe], [cfe, c'^]; D), mod([afe, 6fc], [d^,(ifc];D)} > 5' > 0, 

(d) . p^i[ak,bk] X [ck,dk]) ^ 0, as k ^ oo 

(e) . efc •mod(rg^JK,6y),Tg^JK,4]);rg^,(D)) > C',. 

Remark 5.3. We would like to emphasize again that in the lemma above (p denotes the quadratic differential 
which is the pullback of under the Riemann map of D and Tfi is the corresponding Teichmiiller mapping. 
The boxes [ak,bk] x [ck,dk] and x [c5.,dy on under the Riemann mapping correspond to boxes in 

H, and this correspondence is implicitly assumed. 


Proof of Lemma \5.S\ Below we will define the domain D as well as a sequence of continua E).,Fk, F'^ C 
dD, which are the preimages of the intervals [a/c, bu], [a^, b'^, [ck, du], [c'j., d^ C under the Riemann mapping 
oi D. In particular E), C Ek and F'f^ G Fk. Moreover, instead of estimating the moduli of the curve families 
in the unit disc D, we will obtain the estimates in D. To simplify the notation we let 

Tfc := {Ek,Fk;D) and := {ElFfi,D). 


Furthermore, denoting the two nonempty components of Ek \ E'^ and Fk \ Fj, by El and Fj:, i G {1,2}, 
respectively, we let 


F}’^ :={El,Fl-D). 

Just as before, given two continua E,F G dD we denote by Ty{E,F\D) the family 
connecting E and F m. D. 

By conformal invariance of the modulus and Theorem 4.2 conditions (a) — (e) are 
following: 

[a!). modFfc < C'i,Vfc G N, 

(6'). modF}, > C'^,Vfc G N, 

(c'). modF}’^' > d',Vfc G N,Vz, j G {1,2}, 

(d'). lim modr„(ii;fc,Ffc;D) = 0, 

k—¥oo 

(e'). £fc-mod(rg,(r}))>C^,VA:GN. 

Next, we construct the domain D and prove properties (a') — (e'). 

For k = 1,2 ..., and j = 0,1,..., 2^ let 


Lk.i — 


1 


J 

22k 


1 


< 2 /< 1 


of vertical curves 
equivalent to the 


Define 


D-= [0,1]" \ U 

k—1j—0 
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Figure 4. The domain D. The bold interval is while the part of dD above it is E^. 


Now, for fc > 1 let 


2*= 

and Ek = u Tfej U {{x, 1) : X e Ek} , 

3=0 
3 2 ^ 

(22) F'k = \Fk and E} = (] U {(x, 1) : x G , 

i=j2'= 


( 21 ) 


Fk = 


1 2 


where denotes the interval with the same center as Fk but half the length. 
Proof of (a'). Since 

dist(Ffe,Ffc) 2“'= 


^{Ek, Fk) = * 


min{ diamFfc, diamF^ } 2 


-k 


= 1 


for every A: > 1, by Lemma |3.2| we have 


mod(rfe) = mod{Ek,Fk;D) < uiod{Ek, Fk;C) < -n. 


Proof of (b'). To estimate modT). from below we will use conjugate families. Recall that if continua 
E,F C dD then the family of curves separating E and F in F is called the family conjugate to (F,F;F). 
We will denote by {E,F;D)* the family conjugate to {E,F,D). The modulus of {E,E]D)* may be found 
as follows, see [5] 


(23) 


mod((F,F;F)*) 


1 

mod(F, F; D) 


Thus, to estimate modTj, from below we can instead estimate mod((r5.)*) from above. Note, that every 
curve 7 G (T).)* contains a subcurve d connecting the two components of dD \ (F^ U F^) in the rectangle 
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Figure 5. Estimating mod(F^, I?) from below. Every curve 7 e (bj.)* separating E'^ 
from in D contains a subcurve S G Gk which connects the two components of d{Fj^ x 
(0,1)) \ (F^ U F^) within the grey rectangle F^ x (0,1). 

F^ X [0,1], see Fig. Therefore, 

(24) mod(r^)‘ < modGfe, 

where by Gk we denote the family of curves connecting the two components of 9(F^ x (0,1)) \ (F^ U F(,) in 
the rectangle F^ x [0,1]. Next we estimate modG^ using the following result. 

Lemma 5.4. Let 0<a<b<0,0<c<b and N > 1. Denote by Dm the domain 

N 

Dn = (0,a) X (0,6) \ X [c, 1], 

where Xi = ^ by Tm the family of eurves in Dm eonnecting the vertical intervals ( 0 ,ic) to (a, a + ic) 
(see Figure^. Then 

(25) - < modFjv < - + 

a a 2Jy 

Proof. The first estimate follows from the fact that Tm contains the family connecting the vertical sides in 
the rectangle [0,a] x [0, c]. To obtain the upper bound consider the rectangle Rm = (0,a) x (0, c+ ^) and 
define 

1 

PN = -XUnHOn- 
a 

We next show that pM is admissible for F m- For that, let 7 S Fa? and let (cf. Figure 6 ) 

7 i = 7 Fl ((xi, Xi+i) X (0,1)), i = 0,..., TV - 1. 

Next, we show that ^( 7 ^ n Rm) > iCi+i — Xi = fj. Indeed, if 7 ^ n ORm = 0 then, since % n Rm is a connected 

curve connecting the vertical sides of the rectangle Rm H {{xi,Xi + 1 ) x (0,1)), we have l{'-fi n Rm) > a/N. 
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Figure 6. 


On the other hand if 7 ^ 0 ORn 0 then there are two connected components 7 ', 7 " of 7 ^ which connect the 
vertical intervals {xi} x ( 0 , c) and {xi+i} x ( 0 , c) to the horizontal interval {xi,Xi+i) x {c + in D^, 

respectively. Since the distance between the aforementioned vertical intervals and the horizontal interval is 
at least a/{2N) we obtain 


;(7.ni?Ar)>Z(7D + n7")>2^ = ^. 


Thus we have 


N-l 


N-l 


2—0 2—0 

and Pat is admissible for Fat. Therefore we can estimate the modulus of Fat as follows. 

modr„< I A = = = 

Using the lemma we see that 


□ 


modFfc modGfe 


> 


— n-k 


‘'/2 


1 

2 - 2 '= 


1 

>3’ 


for fc > 1. Which proves {b'). 


Proof of (c'). We start by estimating the modulus of F^’ = D). Note that 


pi _ I _ 

fc I 2 fc 


k 

1 1 + 1/4 


Fi = 


2k 

1 + 3/4 2 
2 ^ ’ ^ 


while El and El are the parts of Ek above F/ and F^, respectively. 
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Just like in the proof of (b') we use Lemma 5.4 to obtain the following estimate 
uYod{Fl,El,D) > TnoA{Fl,El, FI x [0,1]) 


(26) 


1 


> 


1 


mod(F,i,£;i,F,ix [0,1])* - i 


> 


1 


- 5’ 


2-fc/4 ^ 2(2'“/4) 

for fc > 1. The same way we also obtain mod(F^, £>) > 1/5. Next, we estimate mod(F/, £>) as 
follows 

(27) mod(J^/, D) > mod(F/, Li/, Fk x [0, Ij) = ^ 


mod(F/,L;2,F/ X [0,1])* 


But 


[FlElFl X [0,1])‘ = {F'^,ElFl x [0,1]) 
where E'^ and F/' are the two components of d{Fk x (0,1)) \ {Fk U Fj.), or 

F" = [2-^(l + ^)2-'=]UFluF/, 

F” = (1 + *)2-'=+i] U F/ U Fl 

Since dist(F/', F/') = diamF/ = 2*'^/4 and diamF/' > diamF/' we have 

1 


A(p" p"\ - diamF/ 


^ > 2-‘/4 


diamF^' ■- 2 ■ 2-“^ 8* 

Therefore by Lemma |3.2| we have 

mod(F", F", F/ X [0,1]) < 7r(l + 4)^ = 257r, 

and we finally obtain 

1 


mod(F/,F^,F) > 


257r 


In the same way we can show that mod{F^, El, D)) > ^ and thus prove (c'). 


Proof of (d'). As was shown before we have, 

modr„(Ffe,Ffc;F) = [ 

JFi 


dx 

,F^ l{x) 

where in this case l{x) is the Euclidean length of the vertical trajectory passing through a; G C and integration 
is with respect to the Lebesgue measure. Thus, since l{x) = 1 for almost every x G Fk we obtain 

modr„(Ffc,Ffe;F) = |Ffe| = ^ 0. 

Proof of (e*). Just like above, let Gk be the family of curves connecting the two vertical intervals in dD 
(namely, the two components of the boundary of 9(F/ x (0,1)) \ (F/ U F/)). Then (T/)* overflows Gk, and 
the same way we also have T/))!"/)*) overflows T^{Gk) and therefore for every £ > 0 we have 

modF,((r/)*) < modT,((G/)‘). 

Next, we let Sk = 2“*^ and estimate modTg^{Gk) from above. Considering the conformal mapping 


and using Lemma |5.4| we obtain that 


modFeJGfc) = modTe,(/fc(Gfc)) < ^ + 2 . (2^/2) 


= 3efe. 


Now, since Tg^{Gk) = {Te^{G'k)y, we obtain 
efcmod(re,^(r/)) = £fc 


> 


£fc 


> 


£k 


mod(F((r/)*)) mod{T^^{Gk)) dsk 3’ 


□ 
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6. From integrable holomorphic quadratic differentials to bounded measured laminations 


Let ip be an integrable holomorphic quadratic differential on D (i.e. a holomorphic function (/? : D —>■ C 
such that ||</5||li(d) = //b \‘p{z)\dxdy < oo). Let ^(D) be the space of all integrable holomorphic quadratic 
differentials on D. 

Given ip £ A(D), we defined a corresponding bounded measured lamination 

fi^{[a,b] X [c,d]) = mod(r„([a, &], [c, d])) 

or equivalently 

p^{[a,b] X [c,d]) = p[z)dz\ 

where I is transverse arc to r^([a, 6], [c, d]). 

It follows that if c > 0 then fj,c(p = fJ-ip- Therefore we obtain a map from the space PA(D) of projective 
integrable holomorphic quadratic differentials to the space of projective bounded measured laminations 
PMLMd(D), 

M : PA(D) ^ PMLMd(P)- 
We prove that A4 : P^(D) —)• PMLbddi^) is injective. 


Theorem 6.1. The map 

defined by 
is injective. 


M : PA(B) ^ PMLbddm- 

M.{[p\) = 


Proof. We assume that 


( 28 ) 


l-^{p — C\f-L(p' 


and need to prove that p = cp' for some c > 0. Since = cipp we have that their geodesic laminations 
supports \pip\ and |ci/i;^'| are the same. In other words each leaf of the vertical foliation p is homotopic to 
a leaf of the vertical foliation of p' relative their two endpoints on the unit circle, and vice versa. 

Additionally, assume that the corresponding leaves of the vertical foliations are not only homotopic but 
that they are equal to each other. In other words, the vertical foliations of p and p' are equal. If Xq G D 
is a regular point of both p and p', denote by (j and (j' the corresponding natural parameters in a regular 
neighborhood U of Zq. Then f = (' o is a conformal mapping from (j{U) C C onto ('{U) C C that maps 
vertical lines onto vertical lines. It follows then that (' = aC + b for some a G K. Thus d(j'^ = afdCf' and we 
set c = a^. 

We obtained that for each regular point Zq of p and p' there exist a neighborhood U 5 zq and a constant 
c = > 0 such that p = cp' in U. Since the set of regular points of p and p' is connected and dense in D 

then p = cp' in D and the proof is finished in this case. 

It remains to prove that the vertical foliations of p and p' are the same under the assumption that 
Pip = ciPip'. Let be a family of mutually disjoint vertical strips with open transverse horizontal 

arcs fii that covers D up to countably many vertical trajectories (cf. [2T]). The metric on the horizontal arcs 
Pi is induced by \\Jp{z)dz\ and we isometrically identify Pi with (0,0^), where Oi is the length of pi. The 
variable in (0, a^) is x and the integration with respect dx corresponds to integration with respect \y/p{z)dz\ 
in D. The arc (0, a^) is a horizontal arc in the natural parameter w = J sjp{z)dz for p{z). 

For Pi, let S{Pi, (0,x)) be the substrip of S{Pi) of vertical trajectories going through (0,x) C (0,0^). The 
area of S{Pi, (0,x)) is 

J(0,x) 

where v^ft) is the vertical trajectory of p through the point t G (0,x) C Pi and is the length in the 
\^Jp{z)dz\ metric. The modulus of the vertical trajectories in S{Pi, (0,x)) is 


= 




dt. 
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If necessary, we multiply by a positive constant such that ||cii^'||ii = Since the supports 

of and are the same, to each S{j3i,{0,x)) there corresponds a vertical strip 5'(/3i, (0, x)) of vertical 
trajectories (t) of tp' with the same endpoints on as v‘^.{t). Note that v^. {t) does not necessarily pass 
through t G /3i or even intersects Pi. 

Let (a:) and Mj, (x) denote the area of S{Pi, (0,x)) and the modulus of vertical trajectories of p' in 
S{Pi, (0,x)). We have the following lemma. 


Lemma 6.2. Let Pi be a transverse horizontal arc to a vertical strip S{Pi) isometrically identified with (0, a^) 
in the natural parameter of ip. Then for a.e. x G (0,0^), we have 






where l'^{-) is the p-length and v'^fix) is the horizontal trajectory of p' whose endpoints agree with the 
endpoints of v‘^_ (x). 


Proof. For x G (0, a^) and small e > 0 we denote 

La;(e) = inf{Z‘^(u^. (t)) : tG[x,x + e]}. 

Note that Lx{e) > 0 for e > 0 small enough by the continuity of p'. It is possible that L^ie) = oo if all 
vertical trajectories of p' close to (x) have infinite t/J-length. The metric p{z) = Lx(e)~^ is admissible for 
S{Pi, [x, X + e]), where Lx{e)~^ = 0 if Lj;{e) = oo. 

Since, Lx{s) is non-increasing it has a limit as e —>■ 0^. In fact, we have 

L,(e)- 

£->■ 0 + 


To see this, note first that L^{s) < l'^{v^, (x)) and we only need to estimate the limit from below. 

/ / 

Assume first that {x)) < oo. Fix d > 0 and choose points ^O) • ■ • > S (x), so that 

k r~ 

(29) 


where dip{f,i,fi-i) is the distance between pi and in the p metric, i.e. the metric induced by \ \Jp{z)dz\. 

We want to show that for small rj the curves (x -I- rf) have lengths at least (x)) — <5. Since the 

set of vertical trajectories S{Pi) foliates a neighborhood of Vp,{x) then S{Pi) must foliate a neighborhood 
of (x) because the separation property of the vertical trajectories of p and p' is a topological property 
of their endpoints. By choosing small p > 0, we get that a subarc of (x -I- e) is within small euclidean 
distance to the subarc of (x) between and pk for all 0 < e < 77 . Since p is continuous, it follows that 

for ry > 0 small enough, each (x -I- e) for e < ry has points Po,...,Pk on the (^-distance less than ^ from 
po,... ,pk, respectively. Therefore by ( [^ we have 

l^^ivlix + p)) >^d^{P',P'_,) > ^ - ^) > Z^(<(x)) -<5. 

Thus Lx{e) > h^{v'p,{x)) — S for all e < ry which implies that lim£_,.o+ Lj;{e) = l‘^{v'^.{x)) because (5 > 0 is 
arbitrary. 

Assume now that l‘^{v‘^.{x)) = 00 . If Lx(e) = 00 for some e > 0 then lim£_,.o+ Lx(e) = We 

consider the case when Lx{e) < 00 for all £ > 0 and need to prove that for every M > 0 there exist ry > 0 
such that Lx{s) > M for all £ < ry. Choose points Po, ■ ■ ■ ,Pk & Vy. {x), so that 

k 

(30) ^d^(?^,C.-l)>^^ + l■ 
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where is the distance between and in the lyj-metric. For small ij > 0 and all e < 77 , a 

subarc of (x + e) is within small euclidean distance to the subarc of (x) between ^0 and ^k- Since (p 
is continuous, it follows that for ry > 0 small enough, each (x + e) for e < 77 has points Ccc ■ ■ ■ > ffe on the 
(/3-distance less than ^ from ^ 0 ,... respectively. Therefore by (301 we have 

k 

l‘^{v‘^^{x + r])) > '^2 - 1 > M 

i—1 ^ ^ 

and then lim£_>o Lx{e) = (a;)). 

Thus for a.e. x G (0, a/) we have 


— Ml" (a;) = lim 
dx P' e-!■ 0 ^ 


modS'(/3i, [a;, x + e]) 


e->-0+ £ 

{x + e)- (x) _ £a2 (x) 


< lim sup 
£—>■0 + 


□ 


sLlie) 

and the proof is complete. 

Using the above lemma we establish the next lemma which finishes the proof. 

Lemma 6.3. If for every Pi and a.e. x € (0,0/) we have M^fx) = ciMj (x) then the vertical foliations of 
if and ip' are equal. 


Proof. Note that M|’(x) = fj.^{{0,x)) and Mj. (x) = /7,p/((0,x)), and equation (28) imply that 

Mp.{x) = CiM|’ (x) 

for every x S (0,0/). By the previous lemma, by Lebesque’s differentiation theorem and by absolute conti¬ 
nuity of M|’(x) = '^0 ti*^ve for a.e. x e (0,0/) 


(31) 


1 


lim - 


px+e 


l^(vl(t))dt = 


l‘^(v2(x)) dx^'5.(2^) - [7^(^;|;(a;))] 


Since (x)) < /‘^(u^. (x)) with equality implying that the two curves are the same, it follows from 


(31) that for a.e. x G (0,0/) we have 

(32) 


‘^-AI{x)<Ci^a2{x). 


dx dx 

Note that that (x) is absolutely continuous in x, since = 1(0,X) Thus 


i I < ciA'^.ix) 


dt 


for a.e. x G (0, O/). Since 


WpWl^ = < Ci'^A^iai) = Wcip'Wli 


and ||</9||ii = ||ci(/9'||ii, we necessarily have equality for each term Pi and for a.e. x G (0, o/). 

Thus A^ix) = CiA^. (x) for a.e. x G (0, O/) which implies ^A^ix) = (x) for a.e. x G (0, O/). 

Therefore, by (31) we have 

^ c,2,a2{x) 


[I'^ivlixW ~ [Z^(<(x))]2’ 
















where the numerators are equal for a.e. x S (0,a). In particular, < l'^{v'p^(x)) and thus 

i^)) = By the uniqueness of geodesics in the ip metric connecting two boundary 

points of simply connected domains (cf. [H]) and since vertical trajectories foliate D, we obtain that all 
vertical trajectories of (p and p' are the same. □ 

The above lemma together with the above finishes the proof of the theorem. □ 


Given an integrable holomorphic quadratic differential p on the unit disk, we denote by the measured 
lamination whose support Vip is homotopic to the leaves of the vertical foliation of p and the transverse 
measure is given by \^J~^p(z)dz\, where / is a horizontal arc intersecting the leaves of the vertical foliation 
corresponding to the leaves of v^. We prove that v^p is Thurston bounded. 


Proposition 6.4. Let p be an integrable holomorphic quadratic differential on the unit disk D. Then the 
vertical foliation measure v^p defined above is Thurston bounded. 


Proof. Let be the the set of all vertical trajectories of (p whose t/j-length is > 1. Let be the the set 
of all vertical trajectories of p whose (^-length is < 1. Let D-^ = U.^gy>i 7 and = U..ygv<i7- 

Let [a, b] x [c, d] C (S^ x S^) — diag be a box of geodesics with C{[a, b] x [c, d]) = log 2. This implies that 
^ < mod([a, b], [c, d]; D) < C for some C > 1. Let I be at most countable union of horizontal arcs of p that 
intersects each vertical trajectory of p in exactly one point. Then we have 





\p{z)\dxdy 


//nD>i 


l‘^{v‘^iz))dx > 


dx, 


//nD>i 


where x is the real part of the natural parameter along I. 

For a box of geodesics [a, 6] x [c, d], let be the set of vertical trajectories of length less than 1 

that connects [a,b] and [c, d]. Let .I[Qh]x[cd] subset of I that intersects only vertical trajectories of 

KmxIcA- Then we have 


C > mod([a,&], [c,d];D) > mod(V< = 

r 1 


r<l l‘fi(v'^(z)) 

qa,6]x[c,d] ^ ^ 


dx > 


dx. 


[a,fa] X [c,ci] 


Let d[a,b]x[c,d] be the subset of / that intersects only the vertical trajectories of p that connect [a, b] to [c, d]. 
Since iyp{[a,b] x [c,d]) = ^ dj have that ||i^^||Tb < cxd. □ 


We can recover the integral ||‘/3 ||li from and by the formula 

MW = 


dptp 


, -f^dpp. 

JS^xS^—diag aVp 

This immediately gives 

Theorem 6.5. The map from A(D) in x MLbdd(D) given by 

p W,Pp) 

is injective. 
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